Quantum coherence arising from quantum superposition plays a central role in quantum mechanics. Quantum coherence is a common necessary condition for both entanglement and other types of quantum correlations, and it is also an important physical resource in quantum computation and quantum information processing. Recently, a rigorous framework to quantify coherence has been proposed[@b1] (or see early work[@b2]). Within such a framework for the coherence, one can define suitable measures, include the relative entropy and the *l*~1~- norm of coherence[@b1], and a measure by the Wigner-Yanase-Dyson skew information[@b3]. Quantum coherence has received a lot of attentions[@b4][@b5][@b6][@b7][@b8][@b9][@b10][@b11][@b12][@b13][@b14]. We know that quantum coherence and the entanglement are related to quantum superposition, but we are not sure of the exact relations between quantum coherence and the entanglement, is there a quantitative relation between the two of them?

On the other hand, it is well known that entanglement does not account for all nonclassical correlations (or quantum correlations) and that even correlation of separable state does not completely be classical. Quantum discord[@b15][@b16] and quantum deficit[@b17] have been viewed as two possible quantifiers for quantum correlations. There have been much interest in characterizing and interpreting their applications in quantum information processing[@b18][@b19][@b20][@b21][@b22][@b23][@b24][@b25][@b26][@b27][@b28][@b29][@b30]. In particular, Horodecki *et al.*[@b31] discussed the relationship between the discord and quantum deficit in the bipartite quantum system. If only one-way classical communication from one party to another is allowed, they showed that the one-way quantum deficit is an upper bound of quantum discord via the local von Neumman measurements on the party. Curiously, up to now, no attempt for a transformed framework between them has been reported. In other word, is there a more clear quantitative relations between them?

In the present work, we will resolve the above questions via quantum coherence. We only focus on particular the entropic form, also called relative entropy of coherence, which enjoys the properties of physical interpretation and being easily computable[@b1]. Firstly, we derive an uncertainty-like expression which states that the sum of the coherence and the entropy in quantum system is bounded from the above by log~2~*d*, where *d* is the dimension of the quantum system. As an application, we discuss the relations between the entanglement and the coherence. Meanwhile, we find that the relative entropy of coherence satisfies the super-additivity. In the bipartite quantum system, based on the projective measurement in which the relative entropy of coherence is quantified, we obtain that the increased entropy produced by the local projective measurement is equal to the sum between the quantum correlation destroyed by this measurement and the relative entropy of coherence of the measured subsystem. Since the incoherent states under two different bases are unitarily equivalent, then there are same matrix elements under the different bases for given quantum state. These two facts are the reasons that we study in detail the explicit expressions of the discord and the deficit in terms of the relative entropy of coherence in the bipartite quantum system. In this way, we can give a clear quantitative relation between the discord and the deficit.

Results
=======

Measure of quantum coherence
----------------------------

Consider a finite-dimensional Hilbert space with . Fix a basis , we take the suggestion given by Baumgratz *et al.*[@b1], let *I* be a set of the incoherent states, which is of the form

where *σ*~*i*~ ∈ \[0,1\] and ∑~*i*~*σ*~*i*~ = 1. Baumgratz *et al.* proposed that any proper measure of the coherence *C* must satisfy the following conditions:

(C1) *C*(*ρ*) ≥ 0 for all quantum states *ρ*, and *C*(*ρ*) = 0 if and only if .

(C2a) Monotonicity under incoherent completely positive and trace preserving maps (ICPTP) Φ, i.e., *C*(*ρ*) ≥ *C*(Φ(*ρ*)).

(C2b) Monotonicity for average coherence under subselection based on measurements outcomes: *C*(*ρ*) ≥ ∑~*n*~*p*~*n*~*C*(*ρ*~*n*~), where and for all {*K*~*n*~} with and .

(C3) Non-increasing under mixing of quantum states (convexity), i.e., ∑~*i*~ *p*~*i*~ *C*(*ρ*~*i*~) ≥ *C*(∑~*i*~ *p*~*i*~ *ρ*~*i*~), for any ensemble {*p*~*i*~, *ρ*~*i*~}.

Note that conditions (C2b) and (C3) automatically imply condition (C2a). We know that the condition (C2b) is important as it allows for sub-selection based on measurement outcomes, a process available in well controlled quantum experiments[@b1]. It has been shown that the relative entropy and *l*~1~-norm satisfy all conditions. However, the measure of coherence induced by the squared Hilbert-Schmidt norm satisfies conditions (C1), (C2a), (C3), but not (C2b). Recently, we also find that the measure of coherence induced by the fidelity does not satisfy condition (C2b), and an explicit example is presented[@b13].

In the following, we only consider the measure of relative entropy of coherence. For any quantum state *ρ* on the Hilbert space , the relative entropy of coherence[@b1] is defined as

where *S*(*ρ*\|\|*σ*) = Tr(*ρ*log~2~ *ρ* − *ρ*log~2~*σ*) is the relative entropy[@b32]. With respect to the properties of the relative entropy[@b33], it is quite easy to check that this measure satisfies the conditions of coherence measures. In particular, there is a closed form solution that make it easy to evaluate analytical expressions[@b1]. For Hilbert space with fixing the basis , we denote

and denote . By using the properties of relative entropy, it is easy to obtain

where *S*(*ρ*) = −Tr*ρ* log~2~ *ρ* is the von Neumann entropy[@b32]. We remark that the incoherent state *ρ*~diag~ is generated by removing all the off-diagonal elements and leaving the diagonal elements in density matrix or density operator *ρ* (3). This operation is called completely decohering, or completely dephasing channel[@b31], we then denote

where are one-dimensional projectors, and , is identity operator on Hilbert space . Thus, we claim that the coherence contained in quantum state is equal to the increased entropy caused by the completely decohering. In addition, some basic properties have given[@b1]. For example, we can obtain

Note that *C*~RE~(*ρ*) = *S*(*ρ*~diag~) if and only if the quantum state *ρ* is a pure state. In particular, if there exists pure states such that *C*~RE~(*ρ*) = log *d*, these pure states are called maximally coherent states. Baumgratz *et al.* have defined a maximally coherent state[@b1], which takes the form

Uncertainty-like relation between the coherence and entanglement
----------------------------------------------------------------

Interestingly, if one combines Eq. [(4)](#eq16){ref-type="disp-formula"} with Eq. [(6)](#eq22){ref-type="disp-formula"}, we can obtain a new tight bound of the relative entropy of coherence,

where *I*(*ρ*): = log~2~ *d* − *S*(*ρ*) is the information function, which has an operational meanings: it is the number of pure qubits one can draw from many copies of the state *ρ*[@b31]. By using a straightforward algebraic calculation, we can obtain an interesting "uncertainty relation" between the coherence and the entropy of quantum system, namely,

This shows that the sum of the entropy of the quantum system and the amount of the coherence of quantum system is always smaller than a given fixed value: the larger *S*(*ρ*), the smaller *C*~RE~(*ρ*). In particular, when *ρ* is the maximally mixed state, then no coherence exists in the quantum system. But in another way the larger *C*~RE~(*ρ*), the smaller *S*(*ρ*). Then, we can claim that if the quantum system is entangled with the outside world, then the coherence of the system may decay.

Next, we will discuss the relations between the coherence and entanglement in the bipartite quantum system. Consider the bipartite quantum system in a composite Hilbert space , without loss of generality, we henceforth take *d* = *d*~*A*~ = *d*~*B*~, where *d*^*A*^ and *d*^*B*^ are the dimensions of the quantum systems *A* and *B*, which could be shared between two parties, Alice and Bob, respectively. Let and be the orthogonal basis for the Hilbert space and , respectively. Assume that a maximally coherent state of the bipartite quantum system is of the form

It is easy to verify that this state is a product state, i.e.,

But that is not all the maximally coherent states can do, there is even a class of the maximally coherent states, they are also probably maximally entangled states. This shows that the maximally coherent state may be the maximally entangled state, or may be product state. This is because that the measure of the coherence depends on the choice of the basis, but the entangled property is not so. This also implies that though two states are both the maximally coherent states, their reduced states are entirely different. For the maximally entangled state with maximally coherent, its reduced states are completely mixed states, which does not exist the coherence. We give an example to illustrate the results as following.

**Example 1** Consider two-qubit system with the basis {\|00〉, \|01〉, \|10〉, \|11〉}, and the relative entropy of coherence depends on this basis. Suppose that

Obviously, we have that *C*~RE~(\|*ψ*~1~〉) = 2. But at the same time, this state is also rewritten by

where and are the maximally coherent states in one-qubit system. Based on entanglement theory, we easily know that the state (13) is also a maximally entangled state. In addition, it is generally known that Bell states are the maximally entangled states, one of them is

Obviously, it is not maximally coherent state. We easily give another maximally coherent state

This state is a product state, which is of the form

Let be a bipartite entangled state (its Schmidt number is strictly greater than one) with respect to the basis in which the coherence is quantified. Then, the entanglement and the coherence are equal to the entropy of the subsystem, we have

Here, entanglement measure *E* is any of distillation entanglement *E*~*D*~[@b34], relative entropy of entanglement *E*~RE~[@b35] and entanglement of formation *E*~*F*~[@b36]. They are upper bound on the entropy of subsystem and satisfy the inequality[@b37]

Then, we substitute this inequality into the uncertainty relation Eq. [(9)](#eq25){ref-type="disp-formula"} arriving at the following result.

**Theorem 1** Given a quantum state *ρ*^*AB*^ on the Hilbert space , we have

This inequality shows that the larger the coherence of subsystem, the less entanglement between two the subsystems. In other words, the system *A* is already as entangled as it can possibly be with the other system *B*, then itself coherence would pay for their entangled behavior. In analogy, if one builds quantum computer, to realize the purpose of computation, it is made clear that quantum computer has to be well isolated in order to retain its quantum coherence (or quantum properties). On the other hand, if one want to perform quantum information processing in term of the resource of entanglement, we expect to use maximally entangled state, in this case, any information can not be obtained by local operation, for example in superdense coding and teleportation.

At the end of this section, we give another new property of the relative entropy of coherence. Based on the additivity of the von Neumann entropy, we obtain that the relative entropy of coherence is additive,

By using the properties of relative entropy, one can show that the relative entropy of coherence satisfies the super-additivity. Let Π^*A*^ and Π^*B*^ be two the completely dephasing operations on the subsystems *A* and *B*, respectively. We denote Π^*AB*^ = Π^*A*^⊗Π^*B*^, applying it on quantum state *ρ*^*AB*^, we obtain the classical state . Since quantum operations never increase relative entropy, we then have

Thus, we obtain the super-additivity inequality of the relative entropy of coherence,

Obviously, for the maximally coherent state (10), the equality holds. From this relation, we know that the coherence contained in the bipartite quantum system is greater than the sum of the coherence of the local subsystems.

Relations between quantum coherence and quantum correlations
------------------------------------------------------------

We know that there are two different measures of quantum correlations via the different physical background, i.e., quantum discord and quantum deficit. To better understand our results, let us give the formal definitions of the quantum discord and one-way quantum deficit. For a bipartite quantum state *ρ*^*AB*^, quantum discord is originally defined by the difference of two inequivalent expressions for the mutual information via local von Neumann measurements[@b15],

where the minimum is taken over all local von Neumann measurements on the subsystem *A*. Here is the mutual information[@b32]. Quantum deficit is originally defined by the difference the amount of extractable work for the global system and the local subsystems[@b17]. In this paper, we only allow one-way classical communication from *A* to *B* by performed von Neumann measurements on the local system *A*, then the one-way quantum deficit[@b31] is defined as

where the minimum is taken over all local von Neumann measurements on the subsystem *A*. Quantum discord and the one-way quantum deficit are nonnegative, and are equal to zero on classical-quantum states only. Horodecki *et al.* have obtained that the one-way quantum deficit is an upper bound of quantum discord[@b31], namely,

In the following we will present some differences between them. In general, we can always write with fixed basis for the bipartite quantum system, and and are the reduced density operators or the reduced states for each party. To extract information contained in the state, Alice can perform the measurement Π (5) on her party, then the quantum state *ρ*^*AB*^ becomes

and the reduced state *ρ*^*A*^ becomes , but the reduced state *ρ*^*B*^ does not change. This shows that local measurement removes the coherent elements in the reduced state, but it also destroys the quantum correlations between the parties *A* and *B*. The post-measurement state can be also written as

where is the remaining state of *B* after obtaining the outcome *i* on *A* with the probability . It is also easy to check that *p*~*i*~ = ∑~*j*~*ρ*~*i*,*i*,*j*,*j*~ = *ρ*~*ii*~. By the local measurement Π, Alice can extract information which can be given by the mutual information about the classical-quantum state ,

The quantity represents the amount of information gained about the subsystem *B* by measuring the subsystem *A*. We use the difference of mutual information before and after the measurement Π to characterize the amount of quantum correlation in quantum state *ρ*^*AB*^,

The quantification *δ*^→^(*ρ*^*AB*^\|Π) is the discord-like quantity. Then, we can define the deficit-like quantity (full name, one-way quantum deficit-like) Δ^→^(*ρ*^*AB*^\|Π) with respect to the local measurement Π,

More explicitly we have Δ^→^(*ρ*^*AB*^\|Π) = Δ*S*~*AB*~, where is the increased entropy produced by the local measurement on *A*. After some algebraic manipulation, we give firstly trade-off as follows

This shows that the increased entropy produced by the local measurement is equal to the sum between the quantum correlation destroyed by the local measurement and the relative entropy of coherence of the measured system. Note that the trade-off only holds with respect to the local measurement Π. But, we know that the discord and the deficit do not depend on the local measurement. In the following, we will discuss the general case. If one optimizes the discord-like quantity and deficit-like quantity over all the rank-1 projective measurements, then we can obtain the second trade-off relation between them as follows.

**Theorem 2** Given a quantum state *ρ*^*AB*^ on the Hilbert space , if *δ*^→^(*ρ*^*AB*^) \> 0, then we have

The proof is left to the Method. This shows that the measures of quantum correlations are distinct from each other with respect to the different background, but this difference does not affect the inherent quantum correlation between the subsystems, this difference can be described exactly by the coherence of the measured system. Note that the condition *δ*^→^(*ρ*^*AB*^) \> 0 is necessary. If not, let us consider the state \|*ψ*~3~〉 in the Example 1, we have that *δ*^→^(*ρ*^*AB*^) = Δ^→^(*ρ*^*AB*^) = 0, but *C*~RE~(*ρ*^*A*^) = 1.

After the local measurements, we only obtain the diagonal blocks matrix (27). That is to say, to obtain completely diagonal matrix with respect to the basis , we must remove the all off-diagonal elements, and remain the diagonal elements in every the diagonal block matrix. For every block matrix , we can perform the similar operation (5) in the previous section. After performing these operations, it follows that

Obviously, the state *ρ*^*AB*^ has the same incoherent state as the classical-quantum state . Based on this fact, by using the approach of the proof of the Theorem 2, we then obtain the third trade-off relation,

Intuitively, the local measurement can lead to the decrease of the coherence in bipartite quantum system. That is to say, quantum correlations in the bipartite quantum system is equal to the amount of the coherence lost by the measurement on one of the subsystems.

Discussion
==========

We have obtained two new properties of the relative entropy of coherence, the one is that the relative entropy of coherence does not exceed the information function for a given quantum state, the other is the super-additivity. Based on the former, we have obtained an uncertainty-like relation between the coherence and the entropy of quantum system, i.e., the more the coherence, the less the entropy. We have obtained another uncertainty-like relation between the entanglement and the coherence of subsystem, i.e., the system is already as entangled as it can possibly be with the outside world, then the coherence itself would pay for their entangled behavior. For any bipartite quantum system, by performing completely dephasing operation on the subsystem, we have obtained three trade-offs among the relative entropy of coherence, quantum discord-like and one-way quantum deficit-like quantum correlations. Our results gave a clear quantitative analysis and operational connections between quantum coherence and quantum correlations in the bipartite quantum system. We may focus further on the fascinating question whether one can find the relation between two-way quantum deficit and the relative entropy of coherence. It is also possible that all four concepts, thermodynamics, entanglement, quantum correlations and coherence, can be understood in a unified framework. Those progresses may develop further the quantum information science.

Methods
=======

Proof of the Theorem 2 in the Main Text
---------------------------------------

Before proceeding with the proof of Theorem 2, a fact is that the relative entropy of coherence is unitary invariant by using the different bases. For *d*-dimensional Hilbert space , we can take the basis , then the density operator upon it can be given by Eq. [(3)](#eq14){ref-type="disp-formula"}. Under the unitary operator *U*, the density operator (3) become

where \|*ϕ*~*i*~〉 = *U*\|*i*〉 for each *i*. Obviously, the density operators *ρ* and *ρ*~*U*~ have same the matrix elements under the bases and , respectively. Then, we denote *C*~RE~(*ρ*) as the measure of coherence under the basis , and denote *C*~RE~(*ρ*~*U*~) as the measure of coherence under the basis , we obtain

Then, we begin the proof of Theorem 2. Let {\|*i*〉^*A*^\|*j*〉^*B*^} be the orthogonal basis for the Hilbert space , and the bipartite quantum state can be given by

Let be an optimal projective measurement for quantum discord *δ*^→^(*ρ*^*AB*^). By using this measurement, we can define a new basis on the Hilbert space , denote . Without loss of generality, let {\|*i*〉^*δ*^\|*j*〉} be the basis on the Hilbert space , then there exists an unitary operator *U*^*A*^ on *A* such that

By using the properties of the discord and the deficit[@b24], we know

Using Eq. [(31)](#eq69){ref-type="disp-formula"}, under the basis , we have

Substituting Eqs. [(39)](#eq92){ref-type="disp-formula"} into this relation, we obtain

Similarly, let be an optimal projective measurement for the one-way quantum deficit Δ^→^(*ρ*^*AB*^). We can also define another basis on the Hilbert space , denote . Let be the basis on the Hilbert space , then there exists an unitary operator on *A* such that

Naturally, we have the following relations

Then, depending on the bases , by using Eqs.[(43)](#eq103){ref-type="disp-formula"}, we have

Combining Eq. [(41)](#eq95){ref-type="disp-formula"} with Eq. [(44)](#eq105){ref-type="disp-formula"}, we obtain the following relation

By using the fact in the previous, we have

Substituting this relation into Eq. [(45)](#eq106){ref-type="disp-formula"}, we obtain

Thus, we get the desired result.
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